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An equation is derived for the ratio of the tempera ture  drops in the boundary layers  of gas 
and liquid; it is found that the tempera ture  of the liquid at the phase interface is a lmost  
equal to that of the liquid in the apparatus.  

We put qe/q$ = m and also qa  = c~"~ and ql 
gas and liquid is 

The heat and mass  t rans fe r  between water and moist  air indicates that the thermal  res is tance  of the 
liquid has ve ry  little influence on the rate of evaporation of condensation, and that this can usually be ne-  
glected [2], provided that the tempera ture  difference is small  and that there is correspondingly only a small  
difference in the mean heat flux densit ies f rom evaporative cooling and gas drying.  If an apparatus has an 
i m m e r s e d  burner,  the tempera ture  of the exhaust gas may be 1600-1800~ while the liquid is contact with 
it may be at 80-120~ This large tempera ture  difference makes it necessa ry  to examine the thermal  in- 
teract ion at the interface when there is such a burner  and to elucidate the role of the thermal  res i s tance  of 
the liquid. 

When an aqueous solution evaporates,  the heat qoz t r ans fe r red  f rom the gas to the liquid is part ly con- 
sumed in evaporation qe and par t ly  t r ans fe r red  to the liquid q/, where it goes to heat the solution entering 
the apparatus,  some of this heat thus being lost with the solution leaving the apparatus, and also via the 
wall of the apparatus to the surrounding medium: 

q~ := q,~e~ ql" 

= 0~'0~; then the ratio of the tempera ture  differences in the 

00 ~' - (1 § m). (1) 
0~ ~" 

We may determine the hea t - t r ans fe r  coefficient between the gas and the solid wall on the usual basis that 
at the surface of the solid there is a thin immobile gas layer;  heat passes  through this only by thermal  
conduction. The dry  hea t - t r ans fe r  coefficient in a laminar  boundary layer  during forced flushing of a flat 
solid wall is [3] defined by 

3 )~ 
(2) 

2 k 

It has been shown in studies of the m a s s - t r a n s f e r  mechanism at a g a s - l i q u i d  interface that the 
normal  component of the velocity is eliminated by sur face- tens ion  forces  as mater ia l  approaches the su r -  
face, and at the surface itself the mater ia l  moves t ransverse ly  solely as a resul t  of molecular  motion, 
much as in the motion of mater ia l  near  a solid [5]. This physical  model applies also to heat t ransfer  at a 
phase interface between liquid and gas [4]. 

The boundary conditions for the thermal  boundary layer  in a gas - l i qu id  sys tem coincide with the 
boundary conditions for such a layer  at the surface of a solid wall, so we use the following form for  the 
tempera ture  distr ibution in the boundary layer  [3]: 
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(+) 0 =1.5-Y----0,5 3. 
o-~ k (3) 

Equation (2) enables us to de te rmine  the h e a t - t r a n s f e r  coefficient  at the l i q u i d - g a s  boundary; one has 
to de te rmine  k, which is dependent on the thickness of the hydrodynamic  boundary l ayer  6, which i tse l f  in 
a liquid with an i m m e r s e d  burner  is  de te rmined  by the speed of a gas  bubble re la t ive  to the liquid. Within 
a r i s ing  gas bubble there  a re  tangential  s t r e s s e s  at the phase  interface,  which give r i se  to a descending 
motion in the pe r iphera l  gas  l aye r s  and resu l t  in a hydrodynamic boundary l aye r .  We as sume  that the bub- 
ble is mot ion less  and that the liquid f lushes over  it with a veloci ty  w~, which is equal to the r i se  speed of 
the bubble. When a fluid p a s s e s  by a solid wall, the th ickness  of the hydrodynamic  boundary layer  is de -  
t e rmined  by solving dif ferent ia l  equations for  the boundary l ayer  subject  to appropr ia te  boundary condi-  
t ions.  

An approximate  method is to use the momentum equation or the in tegra l  K a r m a n  re la t ion  for  the 
p lanar  s t eady - s t a t e  flow in the boundary l ayer  [4]: 

8 8 

dx , 
0 0 

An additional re la t ionship  is the veloci ty dis t r ibut ion in the boundary layer ,  which is given by a poly-  
nomial  of third degree:  

W= = a q- by -}- cy ~ q- dy 8. (5) 

We used this approx imate  method to de te rmine  the th ickness  of the hydrodynamic  boundary l ayer  for  
a p lanar  in te r face  between the moving liquid and the immobi le  gas;  coeff icients  a,  b, c, and d of (5) a re  
der ived f r o m  the boundary conditions, which differ  f rom those for  a gas on a solid wall.  

The speed of the liquid at the phase in ter face  is w~; we p u t  

For  y = - 6 ' ,  the veloci ty  w~ becomes  equal to the veloci ty  of the unper turbed flow w~, so 

The in te rna l - f r i c t ion  force  is he re  zero ,  so 
\ 

= O. 
Oy /u=-6" 

We as sume  that the tangential  s t r e s s e s  a r e  constant d i rec t ly  at the in terface ,  so we have the fourth bound- 
a ry  condition 

( 0~</  = 
-~ - ;~=0  0. 

These  boundary conditions cor respond  to the following veloci ty  dis t r ibut ion in the boundary l ayer  of l iq- 
uid: 

3 ~ 0 -  G 1 ~ 0 -  % 
w~ = 2 o' Y + 2 (633 Y~ + % (6) 

The boundary conditions a r e  put as follows for  the hydrodynamic  boundary layer :  

(< )~=o  = ~-'~ (~;;)~=~,, = o; 

aw~. 
j = O; = O .  

Oy /y=~" \ OY 2 /y=o 

Then we get the equation for  the veloci ty  dis t r ibut ion in the boundary l ayer  of gas: 

w~ 3 Wb l wb y3 w{~, (7) 
2 6" Y-~---U" (Up + 

We use (6) and (7) to find the tangential  s t r e s s e s  at the phase  in ter face :  

\ Oy , y = o -  2 .6 '  ' 
(8) 
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Fig. 1. Velocity and tempera ture  in bound- 
a ry  layers  of liquid and gas.  

A l s o ,  

\ Oy ]y=o 2 6" " (9) 

We substitute for w x and r into (4) to get the thicknesses  
of the boundary layers  of gas and liquid: 

1 11 P"Wlb 
. . . . .  (10) (6") ~ 140 >"x ' 

1 _ p' [66 (~r - -  27w'oW(b-- 39 (Wo)2 ] (11) 
(~,)~ 840.' (% - %~ x 

F r o m  (10) and (11) we see that to determine the 
thickness of the hydrodynamic boundary layer  we need to 
know the velocity at the boundary at the phase interface;  
the conditions for absence of slip between the phase en- 
ables us to put [4] that 

% = ~ = %. 

the condition for dynamic equilibrium at the phase interface is 

~, = ~,,. (12) 

We substitute the corresponding 7 into (12) and find the equation for Wb: 

"r>" (13) , ~3 39 (Wo) 3 - -  12 (w0)~ w b -  93WOW2 b + 66w~ = - -  66 ~ b" 

We have/z, o' >>/z.p. for the g a s - l i q u i d  system,  so we can rewrite  the equation in the fo rm 

39 (~)3 _ 12 (~,0~ % -  93~#~  + 6 6 ~  o. (14) 

It follows f rom the lat ter  equation that Wb = w',0 so an immobile gas has no influence on the speed of the 
adjacent layers  of liquid, and the thicknesss of the hydrodynamic boundary layer  at the g a s - l i q u i d  in ter -  
face is zero .  The fr ict ional  forces  cause the liquid to drag along the adjacent gas layer,  and the gas speed 
at the phase interface becomes equal to the liquid speed (Fig. 1). 

We find the thickness of the thermal  boundary layer  of liquid via the heat flow equation for the bound- 
ary  layer  [3]: 

k 

d i" (O; __ O,) ..d x = a '  ( dO' ) . (15) 
dx ,3 \ dy y=0 

0 

Then 0' is determined f rom (3) and w~ = w~ ;we substitute for w' and 0' in (15) to get af ter  integrat ion that 
X 

(k') -~ = 8 a'_x_ (16) 

We substitute (16) into (2) to get 

= -2-/" 8a'z -- 0.53)~' V ~7- 1 / v'x (17) (Z' ,  

We take the value of the Prandt l  number  of the gas as being approximately unity [4], and in this case 

k " =  6" = | /  140 ~"x /- 140 v"x (18) 
I1 P"Wo --  F l l Wo I / 

F r o m  (2) and (18) we get 

os" 3 k,, V 11 wo V w~ 
= T 140 V'x -- 0.42U v"x 

F r o m  oe' and oz" we get with (1) that the rat io of the tempera ture  differences in the gas and liquid is 

(19) 

0; 
o; = ~,"-;- t - - U /  t , -7 - ]  (: + m). (20) 
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We take the temperature  of the burnt gases  f rom the burner  as 1200~ while the water t empera ture  in the 
apparatus is 90~ The following are  the physical pa rame te r s  of the water and burnt gases  corresponding 
to these tempera tures :  ~' = 0.68 W / m ' d e g  ~' = 0.326"10 -~ m 2 / s e c ;  ~ " / a '  = 1.95; ~" = 0.126 W / m . d e g ;  
v n = 221 �9 10 -6 m2/sec .  

We substitute these quantities into (20) to get 

00 
�9 00 -- 246 (1 -~ m). 

Here  m is close to zero  for  heating of water, and the temperature  at the g a s - l i q u i d  interface is found as 
94.5~ while m > 0 for evaporation of the water and can become infinite (adiabatic evaporation), so the 
tempera ture  at the boundary approaches even more  closely the tempera ture  of the liquid in the apparatus.  
The t r ansver se  ftow of evaporating water reduces c~", which in turn increases  the tempera ture  difference 
in the gas [3]. We may also suppose that transit ion to a turbulent boundary layer  will increase  the tem- 
pera ture  difference in the gas on account of the r i se  in the exponent to Reynold 's  number  in the hea t - t r ans -  
fer  equations, and hence in the rat io v " / v ,  in (20). Studies of heat interact ion at phase interfaces have 
been made in relation to planar  sur faces ;  the conditions are  real ly  very  different at the interface surfaces  
in an apparatus with an i m m e r s e d  burner,  and so the resul ts  enable us to establish only a general  picture 
for the interact ion between the gas and liquid, though the following conclusions can be drawn. 

1. The liquid tempera ture  at the phase interface is pract ical ly  equal to the tempera ture  of the liquid 
in the apparatus,  so the thermal  res is tance  of the liquid can be neglected. 

2. The hydrodynamic boundary layer  produced within the gas bubbles is dependent on the liquid veloc-  
ity at the interface and is governed by the rate of r i se  of the bubbles and by p " ~ " / p ' ~ '  ; as usually p'~'  
>> p ,p , ,  the viscosi ty  and density of the liquid do not affect the thermal  res is tance  of the gas phase, and 
hence also the res is tance  to heat t ransfer .  These pa rame te r s  can, however,  affect the rate of heat t r ans -  
fer  only to the extent to which they influence the a rea  of the interface surface.  

3. As all the tempera ture  difference occurs  in the boundary layer  of gas, an apparatus with an im-  
mer sed  burner  can be used to concentrate aqueous solutions of organic substances without danger of oxida- 
tion on account of contact with the hot gas. The lat ter  resul t  is confirmed by experimental  studies [1] of 
the evaporation of sulfate solutions used in artificial  silk manufacture.  

x, y 
o~ 

X, a 

P 
7) 

# 
T 

0 = t - t b ,  0 o = t o - t  b 
t 

t b 
t o 

w x 

w b 
w 0 

k 
5 

N O T A T I O N  

are the coordinates (Fig. 1); 
is the hea t - t r ans fe r  coefficient; 
are  the thermal  conductivity and thermal  diffusivity; 
is the density; 
is the kinematic viscosi ty ;  
is the dynamic viscosi ty ;  
is the tangential s t r e s s  at phase interface;  
are  tempera ture  differences;  
is the tempera ture  in boundary layer ;  
is the tempera ture  at phase boundary; 
is the tempera ture  outside boundary layer ;  
is the speed in boundary layer ;  
is the speed at phase boundary; 
is the speed outside boundary; 
Is the thickness of thermal  boundary layer ;  
m the thickness of hydrodynamic boundary layer .  

S u p e r s c r i p t s  

, denotes the liquid; 
, denotes the gas .  
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